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Abstract. Let F be the field of two elements and G a finite abelian 2-group 
with an involutory automorphism. The extension of this automorphism to 
the group algebra FG is called an involutory involution. This determines the 
groups of unitary and symmetric normalized units of FG. We calculate the 
orders and the invariants of these subgroups. 



Let F be the field of 2 elements, G a finite abelian 2-group with an automorphism 
r\ of order 2 and let G n = {g G G \ rj(g) = g}. By extending r\ to the group algebra 
FG, we obtain the involution 



X = S ' C n i— i t'' 



a g g x 71 = ^ a gV{9) 
geG g£G 

on FG which we will call the ^-canonical involution. 

Let r\ be the 77-canonical involution of the group algebra FG and let 

(1) G = HxD, 

where H = (ai) x • • ■ x (ai) and D = (a; +1 ) x ■ ■ • x (a t ) (I < t), such that the 
generators a\,...,a\ are inverted by rj and ai is fixed by 77 for i > I. Such an 
involution is called involutory. 

If ^{g) — 9 1 f° r all g € G then the involution rj is called canonical. 

In the group 

V(FG) = { J2 * 9 9 G FG I ]T a g = l} 
gee g€G 
of normalized units of FG we determine the following subgroups 

S V (FG) = {xe V(FG) I = a;}, V^(FG) = {x e F(FG) | = x' 1 } 

of symmetric and unitary units of V(FG), respectively. 

Our goal is to study the groups V V (FG) and S V (FG), where 77 is the involutory 
involution of the group algebra FG. The problem of determining the invariants 
and the basis of V*(FG) has been raised by S. P. Novikov (see |12j . where * is the 
canonical involution of FG) . The solution for the canonical involution was given in 
[3] ; this result was extended in [H [S] for abelian p-groups G of odd order with an 
involutory involution. The solution provides bases and determines the invariants 
of the two subgroups formed by these units. Here we consider the orders and the 
invariants of these subgroups for 2-groups, but the question about the bases is left 
open. 
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Note that commutative modular group algebras have several applications in cod- 
ing theory, cryptography (see [TOj HTJ [14]) and threshold logic (see PQ). For a 
noncommutative group algebra the study of unitary and symmetric units is an 
interesting problem on itself (see [6j [3 HI [9] ) . 

Our main result is the following. 

Theorem. Let F be a field of two elements and let G — H x D be a finite abelian 
2-group with decomposition {!]). Assume that rj is an involutory involution of FG. 
Let S n (FG) = {x G V(FG) \ x r > = x} and V V {FG) = {x G V(FG) \ = x- 1 } be 
the groups of symmetric and unitary units ofV(FG), respectively. Then 

(i) \S V (FG)\ = 2'i, where h = \{\G\ + \H[2]\ ■ \D\) - 1, 

(ii) \S V (FG)[2]\ = 2* 3 , where 

t3-i(|G|-|G 2 | + |i/[2]|.(|^| + |^ 2 |)-2|^ 2 |); 
(hi) V V (FG) = H ■ (T(FG) x V(FD)[2] x W(FG)) and 

\V n (FG)\ = \H[2}\-2^+™-^-^; 
(iv) V n (FG)[2] = T(FG) x V(FG)[2] x W(FG)[2}. 

Corollary. (^\) If G is a finite abelian 2-group and n(g) = g _1 for all g G G (i.e. 
the involution is canonical) then 

\V*(FG)\ = G 2 [2]| • 2*^ G I+I G [ 2 1)- 1 . 

If H is a subgroup of G, then we denote the left transversal of G with respect 
to H by D\i(G/H). We denote the ideal of FG generated by the elements h — 1 for 
h G H by 3(H). Furthermore FG/3{H) 5s F[G/iZ] and 

^G)/(l + W) SV(F[C/fl]). 

Denote the subgroup of G generated by elements of order p n by G[p n ]. 
We shall use the following homomorphisms: 

(2) ^ : V(.FG) -»■ (-FG) and ^ 2 : V{FG) -»■ S V (FG), 

given by V , i( :r ) = x^x^ 1 and ip2(%) — x v x, respectively, where cc G y(FG). 

It will be convenient to have a short temporary name for the finite abelian 2- 
groups G with 77-canonical involution which satisfy the composition ([T]). Let us call 
the groups G with this property good. 

Let G be a good group. Denote by D\ the subgroup of H generated by the 
generators a\, . . . , ai from the decomposition {l} of order 4. If H = Hi x Di, then 

(3) G = H x x D x x D. 

Let G be a good group and X = G[2] = H[2]D[2]. It is easy to see that there exists 
the subset E(G) CG\G, such that 

G\G v = E(G)Uri(E(G)) and E(G) n v(E(G)) = 0. 

Put 

3(G) = { £, = (9,77(9)) = = (77(9), <?) I g E E(G) }; 
S (G)={(9,r,(9)) I g 2 = V (g 2 )}CE(G); 
S 1 (G)=H(G)\H (G). 
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Let £ g 6 So(G). By ([T]) we have g = hd, where h G iJ, d G D and 77(g) = hdh 2 ■ 
Since £ s G 3o(G), we get ft 4 = 1, but /i 2 7^ 1. This yields that 

|S (G)| = (l g MHg[2]|)-|g| = \Hm\(\H 2 m\-i)-\p\ ^ 
Define the action of the group X = G[2] on the set 3i(G) by 

(g,v(g)) a = (ga,v(g)a)- 



Denote by 5(G) the set of the orbits of that action. As the group X acts freely on 
3(G), each X-orbit has cardinality \X\ and the number of orbits in H(G) is 

\E(G)\ = |5 ^. G)I = \g 2 \-\h*[2]\-\d 2 \ _ 



For each £ g G S(G) we define i g = g + r)(g) G FG. Furthermore, for A G ^(G) 
we define £\ = £ t , where £ t G A. Note that 7^ £ g 2 = £ g 2 holds if and only if 

(g,v(g)) a = (guv(gi)), (i-e- £ 9 a = £ 91 )- 

Indeed, <? 2 + 77(g) 2 = g\ + ??(gi) 2 implies either g 2 = g\ or g 2 = r/(gi) 2 . In the first 
case (ggi 1 ) 2 = 1, so a = gg^ 1 G X and £^ = The second case is the same, 
because £ gi = where a = grj(gi)^ 1 G X. 

Lemma 1. If G is a good group, then the following conditions hold: 

(i) \S V (FG)\ = 2*S wfcere i x = i(|G| + \H[2}\ ■ \D\) - 1; 

(ii) \S V (FG) 2 \ = 2* 2 , where 



t 2 = \{\G 2 \-\D 2 \-(\H[2]\-2))-l- 
(iii) \S V (FG)[2]\ = 2* 3 , w/iere 

t3 = i(|G|-|G 2 | + |H[2]|.(|^| + |^ 2 |)-2|i? 2 
Proof. Since G I( = if [2] x D, each x G S V (FG) can be uniquely written as 
T, g eE(G) a g(9 + v(9)) + Pb9 

(4) 



x 

? 3 GH(G) g£Gn 



where E seG ^ A? = 1 and a a^g e F - 

Clearly |£(G)| = |H(G)| = |G| ~ |G " 1 , so in © we have 

s-l= l g l-l g ^l + |G„|-1 

independent parameters. This yields that \S V (FG)\ — 2 S_1 . 
Again by (j4|), the symmetric unit x 2 has the following form 

* 2 = E se£(G) ^ (s 2 + v(g) 2 ) + E 

g£ff[2]xD 
2 



- E ?a£S (g) (S<, e A a 5) £a + E ye z)2 ( E 9 e?,A A?) 2/- 
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Let H{2] x D = U^diX, where {di = l,d 2 , ■ . .,d m } C D. For any x G 

we have x 2 = d 2 and cif ^ d 2 . This yields that in the decomposition of x 2 we can 

rewrite 

E ( E ^) 2 y = E( E 

yeu 2 seyx i=i gediX 

where m = ^jpft = l^ 2 !, so 

* 2 = E ?a£ h(g) ( E 5eA %) 2 el + Elf l' (Zg&X 

Clearly, the number of independent parameters is 

t 2 = \E(G)\ + \D 2 \ 1 = ±(|G 2 | - \D 2 \ ■ (\H 2 [2}\ - 2)) - 1, 

so part (ii) is proven. 

Finally \S V (FG)[2]\ = 2* 3 , where t 3 =t 1 -t 2 . □ 

Lemma 2. Let G be a finite abelian 2-group and char(F) = 2. Then the following 
conditions hold. 

(i) The ideal 3(G[2]) has the following F-basis in FG: 

{ Ui (g-1)\ 1^£G[2], m G Ri{G/G[2]) }, 

where Ri(G/G[2]) is a left transversal of G by the subgroup G[2]. 

(ii) The elementary abelian 2-group V(FG)[2] coincides with 1 + 3(G[2]), where 
3(G[2}) is the ideal of FG. 

(hi) Let G be a good group. If P = H[2] x D and 3(P[2]) is the ideal of FP, 
then |1 + 3(P[2])| = 2 l , where I = \H[2}\ ■ \D\ - \D 2 \. 

Proof, (i) This follows from Lemma 2.2 in p. 7 of [2]. 

(ii) Indeed, every element u of the group 1 + 3(G[2]) has the form 

1+ x h(h-l), (x h eFG) 

heG[2] 

and u 2 = 1 + J2heG[2] x l( h - l f = L Hence 1 + 3 (G[2]) C V(FG)[2]. Conversely, 
let 

t 

u = E °i x i e V(FG) [2] and Xi = E PjphtFGft], 

»=1 heG[2] 

where c x = 1, c 2 , . . . , c t G P;(G/G[2]) and Pf? & F - Furthermore 

t 

u 2 = Y, = 1 and A = E ^ e R 

i=l h£G[2] 

The elements c 2 , . . . ,c 2 are pairwise different. Indeed, if c 2 = c 2 then [c^ cj) 2 = 1 
and c" 1 ^ G G[2], so CjG[2] = CjG[2], which is possible only for i = j. Consequently 
E/igg @h — li ^ F and we can assume that ji = 1 and 72 = • • • = 7t = 0. Hence 

11 = 1+ E ^(ft-iJei + W 

heG[2] 

and 

*i = E /?i l) (^-l)£3(G[2]), (i>2). 

h€G[2] 
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This proves that V(FG)[2] = 1 + 3(G[2]). 
(iii) By (i) we have 

/ = |(JT[2] x D) : (D[2] x H[2})\ ■ (\H[2] x D[2}\ - 1) 

= iJgjBji (mi-™i-i) 

= |F[2]|-|D|-| J D 2 |. 

□ 

Lemma 3. Let G be a good group. The subgroup 

W(FG) = {x^x- 1 | x £ V(FG)} < V V (FG) 
has the following properties: 

(i) GDW(FG) = H 2 ; 

(ii) W(FG 2 ') = W(FG) r and \W{FGf\ = 2 l , where 

z = ±(|G 2 Vl# 2< [2]H£> 2 i); 

(iii) \W(FG)[2}\ = 2 l , where 

l = ±(\G\-\G 2 \-\H[2)\.(\D\-\D 2 \)). 

Proof. Suppose that x v x^ x = g for some g £ G and x £ F(FG). First let g £ G\G 2 . 
Then there exists a maximal subgroup G\ of index 2 in G such that g <^G\ and 

x + 3(Gi) = ai + ct2g + 3(Gi) (a, £ F, ai + a2 = 1). 

In view of gx = x v , we have 

"i + ot 2 g + 3(Gi) = x + 3(Gi) = g -1 ^ + J(Gi) 

= aig + a 2 + 3(Gi) 

which yields that ai — a% a contradiction. Hence g £ G 2 and g = /i 2 d 2 for some 
h <E H,d £ D. If we put y = xh, then 

h 2 d 2 = . 9 = .t".t- 1 =y' n y- 1 h 2 , 

so d 2 = y'y- 1 . Clearly, y» = d 2 y and y = (y")" = (d 2 y)" = d 2 y", hence |d 2 | = 2. 
Now if y = ^2 heH atfih, (ah £ FD), then from y v = yd 2 we have 

a^h^ 1 = cthhd 2 . 

heH heH 

This yields ct^-i = a^d 2 ( for any /i) and Eheff 01 ' 1 = EheH a 'i^ 2, Therefore 
(IZ/ieij + d 2 ) = and J2heH a h = (1 + ^ 2 ) z f° r some z. Clearly 

i = x(y) = x{J2 ah ) = 2 ^ = °> 

heH 

a contradiction. Therefore G H W(FG) C ii 2 . 

Now h 2 = (h- 1 )- 1 {h~ 1 ) , i 1 so H 2 C VF(FG) and G H W(FG) = if 2 . 

(ii) By ([2]) the map V'l is a homomorphism of the group V(FG) onto W(FG) and 
J^er(Vi) = S„(FG). Then = |V(FG) : S„(FG)|. Since \V(FG)\ = 2l G l-\ 

Lemma [ljii) ensures the proof for i = 0. 

Clearly, V^(FG 2 ) D W/(FG) 2 . Indeed, if at = E<, eG a s-9 e FG then 2:2 = 
E 9£G « 9 .9 2 eFG 2 and 

(x^- 1 ) 2 = (x 2 )"^ 2 )' 1 £ W(FG 2 ). 



(5) 
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Conversely, if x n x' 1 G W(FG 2 ) then x = J2 g eG a g 2 9 2 an< ^ P u * z ~ J2 g eG a a 2 9- 
Clearly, z 2 = x and 

(x'lx- 1 ) = (z 2 f{z 2 )- 1 = (z^z- 1 ) 2 G W{FG) 2 . 

Therefore, W(FG) 2 = W(FG 2 ) and W{FG) r = W(FG 2 ') for any i > 0. 
Obviously by (J3J), we have G 2 = Hf x D\ x D 2 . Since 

\H[2]\ = \H 2 [2}\ = \H 2 [2}\-\Di\ 
and ^(i^G) 2 = W(FG 2 ), by Lemma |2Jii) we obtain that 

\W(FG 2 )\ = \V(FG 2 ) : S„(FG 2 )| = 2^l G2 Hff 2 [2]HD 2 |)^ 

Now using induction on i the proof is done. 

(iii) This follows from the equation \W{FG)[2]\ = \W(FG) : W{FG) 2 \. □ 

Let a = (ai, . . . , at) G Z*. Define the following subsets: 

£(G) = { aeZ 4 I a, G {0,..., gi -l}, 

and at least one of a j is not divisible by 2 } ; 
£i(G) = { ae£(G) | a, G {0,^-1} Vz < Z, 

and dj ^ at least for one j < I }; 
£ 2 (G) = { a £ £(G) | a, = 0, Vi < Z, 

and ^ < <x,- at least for one j > Z }. 

Lemma 4. LeZ G = (ai) x • • • x (a t ) be a finite abelian 2-group. Then we have the 
following: 

(i) For the unit 

up = 1 + (ai - if 1 • • • (a t - 1) A 

wiZ/i < pi < = | Oi|, denote by 2 s j the highest power of 2 which is less 
than or equal to [3j. Then the order of the unit up coincides with minimum 
of the numbers taken over all those i for which ^ 0. 

(ii) The set {u a = 1 + (ai - l) Ql • • • (a t - l) a ' \ a G £(G)} is a basis for V(FG) 
and V(FG) = x Q e£(G)( u a); where the set £(G) is defined by J3J). 

Proof. See [13]. □ 

By Lemma |4] the direct product 

(6) T{FG) = J] (u a )<V(FG)= ]J {u a ) 

ae2i(G) aG£(G) 

is an elementary abelian 2-group of order 

(7) \T(FG)\ = 2(™- 1 >M, 
where the sets £(G),£i(G) are defined by ([5]). 
Lemma 5. If G is a good group, then 



V(FD)[2] x T(FG)^j n W{FG) = (1). 
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Proof. First we shall establish by induction on I that 
(8) T(FG)f)W(FG) = (1). 

Let x = y~ x y n 6 T{FG). If 1 = 1, then by CQ) we get that G = (ax) x D and every 
it a (see Lemma BJi)) with a <E £i(G) has the following form 

U a = 1 + (<H - l) 91 "^ - l)" 2 • • • (O* - l) Qt , 

where 02, . . . , a* £ -D. For every X C £i(G) we have 

J| u Q = 1 + (01 - l) qi ^ 1 z = 1 + Hz (z£FD). 

ueK 

Consequently, by ([6]), each x £ T(G) can be written as x = 1+Hz for some z 6 FD. 
Thus y n + y = y(x + 1) = iFzy = iJa for some a £ F, because the elements of D 
do not belong to the support of y r> + y. Clearly, if a = then x = 1, as required. 
Let a = 1 and y = X)dG-D <^ d< ^ ^ or a suitable (3 d £ FH. From 

y + i/^X; (ft + = # 

deD 

it follows that /3i + ${ = H, but this contradicts the fact that the support of the 
element fix + fi\ does not contain elements of order two. 

Finally, let I > 1. By ([6]) each ir = y^ l y v £ T(FG) can be written as a product 
of u a with a £ L\ and every u Q has the form 

1 + (a n + l)^-\a h + I)*." 1 • • • (a jfe + l)^" 1 *, 

where jj < I and z G fD. In view of 

F[G/{<n)] = FG/3(( ai }), 

by the induction hypothesis, x = 1 (mod 3((<Zi))) for 1 < i < I. It follows that 

x = 1 + (fix + l) 9l " 1 (a 2 + l) 92 " 1 • • • (a; + l) 9 *- 1 ^ = l + Hz 

for some z € FD. Now, similarly to the case I — 1, we get a; = 1, so ((8]) is proved. 
Finally suppose that 

WV £ (V(FD)[2] x T(FG)) n W(FG) 

for some w £ V(FD)[2] and u £ T(FG). Then y~ 1 y v = wv for some unit ?/. Of 
course, y^H = yiF and u a H = H for a £ £i(G). Therefore wTJ = H and 

t/i? = y v H = wvyH = wyH. 

Since y is a unit, H = wH , which is impossible. The proof is done. □ 

Lemma 6. Let G be a good group. Then the following conditions hold: 

(i) V V (FG)[2] = V(FG)[2] x W(FG)[2] x T(FG); 

(ii) V v {FG)^V{FD)[2] = (l); 

(hi) V n (FG) 2 n f (F[£>? x D])[2] = D\. 

Proof, (i) It is easy to check that 

S V (FG) n V V {FG) = S V (FG)[2] = V V (FG)[2], 
so by Lemma HJiii) the 2-rank of V v (FG) [2] equals 

s = t(\G\-\G*\ + \H[2}\.(\D\ + \D*\))-\D*\. 
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By LemmaEJ in V{FG) there is a subgroup V(FG)[2] x W(FG)[2] x T{FG), whose 
2-rank is also equal to s by Lemmas EJiii), [2fiii) and by equation ([7]). Therefore, 
part (i) of our lemma holds. 

(ii) Let y £ V V (FG) 2 n V(FD)[2] + (1). Clearly there exists x G V^(FGQ of 
order 4 such that x 2 — y. Put cc = ^2heH a hhj where ah G FD. Since x 2 a; = x n 
and Supp(x ) C D, we obtain that 



,: 2 



heH heH heH 

Consequently x 2 ah = ot^-i f° r all ft G i? and 

x2 E ah = X! 

feeff feeff 

Since 1 = x( x ) = X(2feeH so (SfeeH a fe) ^ s a un ^ an d x 2 = 1, d. contradiction, 
(iii) Let G = H x x D x x D (see ([2])). It is easy to check that 

D\ C V^(FG) 2 n V(F[L> 2 x £>])[2]. 

Let 

* = E ( E tf^+^^K,^) 

fee if i ngDi\Di[2] 

be a nontrivial 77-unitary unit such that 

x 2 G K,(FG) 2 n V{F[D\ x £>])[2] \ L> 2 , 

where pi h) ,j h & F[D{ x D}. 

It is easy to see that, if X)ueDi\Di[2] X(/3u ) = °> triCn 

1 = x(z) 

( 9 ) = E ( E X(^)+X(7fe))= Ex(7fe). 

feeffi ue£>i\£>i[2] feeffi 

Clearly (rfP)" = & h) , ll=lh and 



*"=E( E (^ ) ^>+7fe)^ 1 . 

feeffi uEDi\Di[2] 

Similarly to the previous case, from a; -1 = x 2 x = x v , we obtain that 

£ W ) )"+(^ 2 7fe)= E (^"Vjtt + Th-, 

uEDi\Di[2] M£fli\Di[2] 

for all h £ Hi. Consequently for every u and h we get that 

(10) x 2 ^=e~ 1] u 2 , x 2 lh = lh -,. 

If \Di [2] x(/^«' 1 ' 1 ) = 0; then from the second equation of (JTUJ) we have 



12 ( E >) = E ^ 1 

feeffi fee Hi 
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The element YlheH-i "f h 1S a un ^ by (|9[l . so from the last equation we have that 
x 2 = 1, a contradiction. If XLer>i\.Di[2] x(Pu^) = 1, then from the hrst equation 
of ([T0|) we obtain that 

so a; 2 = u 2 6 -D 2 by ([9]), again a contradiction. □ 
Lemma 7. 7/G is a #ood group, then V n (FG) 2 fl T(FG 2 ) = (1). 
Proof. If _Di = (a;_ r ) x (a;_ r+ i) x • • • x (a;), then we define the following set 
£ 3 (G) = { a G £(G) | a, ; G {0, f - 1} for i < I - r, 

and oij 7^ at least for one j < / — r, 
and 0<ai<f-l for l-r + l<i<t }. 
Define the following elementary abelian 2-subgroup (see ©): 

(11) T(FG 2 )= J] {u a )<V(FG)= J] <u„>, 

q££s(G) q£S(G) 

where the set £(G) is defined by ([5]). 

Let h E H be of order = q > 2. Let us prove that 

(12) (h- 1 + iy~ k = {h + iy-\ {k = 1,2,4). 

We shall use the following equation 

(13) h- 1 + 1 = (h + 1) + (h + 1) 2 + • • • + (h + 

Clearly, (JH]) holds for k = 1 by (13]). 

Let /i £ -Hi be of order q > 4. Now using (fT2"|) for fc = 1, we get that 

(JT 1 + 1)«- 4 = (^ 4 + l)*- 1 = (h 4 + l)*" 1 = (/i + I) 9 " 4 . 

Consequently, 

(h- 1 + iy~ 3 = (h- 1 + \y-\h- 1 + 1) = (h + \y-\h- 1 + 1) 
= (h + iy-' 3 + {h + iy- 2 + (h+ iy- 1 

so 

(h- 1 + iy- 2 = (h- 1 + ly- 3 ^ 1 + 1) 

= ((h + iy- 3 + (h + 1)"- 2 + (h + ly- 1 )^- 1 + 1) 
= (h + iy- 2 + (h + iy- 1 + (h + iy- 1 
= {h + iy- 2 . 

Moreover, if \q\ > 4, then for any symmetric element s, the element 1+ (h + l) 9_3 s 
has order 2 and 

rl>i (l + (ft + l)"- 3 s) = (1 + {h- 1 + l) q - 3 s)(l + (ft + iy- 3 s ) 

( 14 ) = (i + (h + iy- 3 s)(i + (h + iy- 3 s){i + (h + iy- 2 s)(i + {h + ly-h) 
= {l + ih + iy^s^i + ih + iy-h). 

Finally if \h\ — 4, then by direct calculation 

1 + (h- 1 + l)s = (l + (h + l)s)(l + (ft + l) 2 s)(l + (ft + l) 3 (s + s 2 ) 
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and 

i/>i(l + (/i+l)s) = (l + {h+l) 2 s){l + (h+lf{s + s 2 ). 

Clearly, if s 2 =0, the last equation coincides with (fl4|) . 

Assume that M = T(FG 2 ) H V V {FG) 2 ^ (1). Then exists a nontrivial unitary 
unit x of order 4, such that x 2 S M. Clearly a; 2 = s W(FG) and 

(x 2 )^ = (x^xfx- 2 = x 2 e S V (FG). By (JTTJ we obtain that 

(15) £ 2 = U a tlj5 • • • = U a V, 

where w = M(3 • • • e T(FG 2 ), 

u a = 1 + (a 2 + l)*" 1 ^ + l)^ 1 ■ • • (a 2 _ r + 1)^" V 
and w = (a 2 _ r+1 + 1)"'--+! ■ ■ ■ (a 2 + l) a *. By (JUJ we have 

K = u a = 1 + (a x + ir- 2 (a 2 + l)" 2 " 2 • • • (a?_ r + l) ai -^ 2 ™. 
Define the unit z\ — l + {a\ + l) ai ~ 3 sx, where 

Clearly si is a symmetric nilpotent element of index 2 and by (|14[) we have 
i/jifx-hi) = ^(x)"Vi(l + (oi + l) Ql_3 si) 

= (U a «) _1 «a(l + (OX + l) ai_1 Sl) 

= W (l + (a 1 + l) Ql - 1 Sl ). 
Similarly, define the unit z 2 = 1 + (a 2 + l)" 2 ~ 3 s 2 , where 

s 2 - (oi + lj^-^aa + IT 3 ' 2 • ■ ■ (ai-r + l) a '-- 2 w. 
The element s 2 is symmetric and 

(ax + l)" 1 " 1 ^ = (a 2 + l) a2 - 2 s 2 . 
Using the last equality and (fl4|) . we obtain that 

ipi(^(x~ 1 z 1 ) ■ z 2 ) = 

= ^(aT^l + (ax + l) Ql - 3 sx)) • Vi(l + (aa + l) Q2 ~ 3 s 2 ) 
= v(l + (ax + l)" 1 - 1 ^) • [(1 + (aa + ir 2 - 2 s 2 )(l + (o 2 + l)" 2 - 1 ^)] 
= v(l + (ax + l) a '-\a 2 + l) a2 -\a 3 + l) a ^ 2 ■ • • (a t + 1) Q '- 2 ). 
Now as before, put z 3 = 1 + (03 + 1) Q3 ~ 3 S3, where 



s 3 = (01 + \T'-\a 2 + l) a *- l {a A + l) a *- 2 ■ ■ ■ (a 2 _ r + 1) 



a,_ r -2 



Then 

^x((x _1 Zx) • Z2 ■ Z3 j 

= v(l + (ax + I)" 1 " 1 x (1 + (02 + l)" 2 " 1 x (a 3 + l)" 3 "^ 
x (a 4 + 1) Q4 - 2 x • • • x (a ; _ r + l)°"- r ~ 2 w). 
Continuing this process we can construct elements 24, ... , zi_ r , such that 

ipi (^{x~ 1 zi) ■ z 2 ■ ■ ■ z;_ r J = vw a E W(FG), 
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where 

w a = 1 + (01 + l) ai -Ha* + i)" 2 " 1 ' • ' (Oi-r + l) ai - r ~ X w. 
We repeat this process for the elements up,u~,,.. (see (|15p) and obtain that 

• • • e W(FG). 

Obviously u^, u 7 , . . . G T(FG) (see @). Then by © we get that 

tUat/^ • • • G W(FG) n T(FG) = (1), 

which is impossible because up,u~,... are basis elements and their product does 
not equal 1. □ 

Lemma 8. If G is a good group, then 

V n (FG) = H ■ T{FG) ■ V(FD)[2] ■ W(FG) 
and \V n {FG)\ = \H[2}\ ■ 2H\g\+\h[2]\-\d\)-\d 2 \ 

Proof. Clearly H n W(FG) = H 2 and 

H ■ (T(FG) x V{FD)[2] x W{FG)) < V V (FG) 

by Lemmas |3p) and [5j 

We prove our statement using induction on the exponent of the group G. 

Base of induction: for exp(G) = 2 it is true, because w is trivial, W(FG) = (1) 
and Vr,(FG) = V(FG)[2] by Lemma E[i). 

Clearly, ^(i^G) 2 C V^(FG 2 ) and V^(FG) 2 C W(FG'), because 

V v {FGf 3 x 2 = ^i{x- 1 ) G W(FG), {x G K,(FG)). 
Since V(F [D 2 x D\])[2] = D\ x M for some M, we obtain that 

(16) (M x T(FG 2 )) n V„(FG) 2 = (1), 

by Lemmas [6] and [7J 

By the inductive hypothesis, 

V V (FG 2 ) = H 2 ■ (T(FG 2 ) ■ V(F[D 2 x D 2 ])[2] ■ W{FG 2 )) 

= H 2 ■ (T{FG 2 ) x M) ■ W{FG 2 ). 

Since (T(FG 2 ) x M) ■ V n (FG) 2 < V n {FG 2 ), then by (JTSJ) we have 

|K,(^G) 2 | < \V n (FG 2 ) : (T(FG 2 ) x M)\ < \H 2 ■ W(FG 2 )\. 

Clearly H 2 ■ W(FG 2 ) = H 2 ■ W(FG) 2 C V^(FG) 2 by Lemma EJn) , so 

\H 2 ■ W(FG 2 )\ < \V n (FG) 2 \. 

From the last two inequalities and by (ITBl we get that 

V; ; (FG) 2 = ff 2 -T^(FG 2 ). 

Since H n W^(FG 2 ) = ff 4 (by LemmaGUi)), we have 

\H 2 ■ W(FG 2 )\ = \H 2 [2}\ ■ \W{FG 2 )\ = \H[2]\ ■ \W(FG 2 )\, 

so 

\V v (FG)\ = \V v (FGf\-\V v (FG)[2]\ 

= \H 2 -W(FG 2 )\ ■ \V V (FG) [2] I 
= \H[2]\-\W{FG 2 )\-\V V {FG)[2]\. 
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It is easy to check that the 2-rank of W(FG 2 ) x V n (FG)[2] is equal to 



±(|G 2 | - |tf 2 [2]||£ 2 | + |G| |G 2 | + \H[2]\ ■ (\D\ + |£ 2 |)) - \D 2 



= i(|G| + |ff[2]|.|^|)-|^ 2 | 



and \V V (FG)\ = \H[2]\ ■ 25(IG|+l^[2]Mi3|)-|c 2 l. 



□ 



Proof of Theorem. Follows from Lemmas [3l |6] and 



□ 
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